
Computer Physics 
Communications 

ELSEVIER Computer Physics Communications 103 (1997) 10-27 

The I N  ideal MHD stability code for axisylra-netric plasmas 
w i t h  "~" " s e p m , , m x  

L.  D e g t y a r e v  a, A .  M a r t y n o v  a, S .  M e d v e d e v  a, E T r o y o n  t ,  L .  V iUard  h.i, R.  G r u b e r  c 
ffeldysh Institute of Applied Mathematics, Russian Academy of Sciences. Moscow, Russian Federation 

b Centre de Recherches en Physique des Plasmas. Association Euratom - Confdddration Suisse, 
Ecole Polyteehnique Fdddrale de lausanne. Lausanne. S~vitzerland 

¢ Service informatique Central F.cole Polytechnique Fdddrale de Lausanne. Lausar, ae, Switzerland 

Received 6 February 1997; revised 4 April !997 

Abstract 

The paper presents the KINX code for computing linear ideal MHD growth rates and eigenvectors of axisymrnetric 
plasmas stwiounded by a vacuum layer and a conducting wall. Plasma equilibrium magnetic surfaces are assumed to be 
nested either in the whole plasma domain (separatrix at the plasma boundary is possible) or in the domains separated by 
an internal separah.'ix (doublet and divertor configurations). 

The computational domain is decomposed into subdomains with nested flux surfaces. In each subdomain finite hybrid 
eiemenLs are used on an equilibrium grid adapted to magnetic surfaces. Numerical destabilization is eliminated; this results 
in be~er convergence properties and makes possible efficient stability index calculation (SW-code). An inverse vector 
iteration method and a vectofizable matrix solver are applied to the matrix cigenvaiue ptobiem. 

The stability studies of external kink modes for doablet and single null configurations are given as application examples 
o f ~ e  KINX code. 

Another version of the code, KINX-W, computing resistive wall n = 0 mode growth rates, is also presented for single 
null, doublet and divertor plasma configurations. 

Key~ords: Magaemhydrodynarnics; Macminstabilities; Tokamak; Separatrix; Finite elements; Spectrum 
PACS: 52.65.Kj; 52.35.Py: 52.30.Bt: 52.55.Fa 

1. Iqtrodwetion 

Equilibrium and stability computations are an important part of  theoretical investigations of tokamak plasma 
physics and interpretation of  experimental data. Several MHD stability codes have been developed during the 
last twenty years to satisfy these needs [ 1-6].  However, the self-consistent modeling of  Flasmas with separatrix 
inherent to divertor configurations and investigations of  doublets with internal separatrix are beyond the scope 
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of  most of the codes. The reason for that is the use of the flux coordinates in the problem formulation, indeed, 
the ideal MHD equation anisotropy - different derivative orders of tangential displacement within arid across 
magnetic surfaces - force~ the use of the computational grids aligned with magnetic surfaces. The c o o ~ i ~ e  
transformation to the flux coordiaates connected with magnetic surfaces is not regular in tim c o n f i ~ i ~  
with a separatrix. In the codes with Fourier decomposition in the poloidal angle, this results in a laxge numb~ 
of harmonics needed for the solution representation. The finite element codes are more suitab|e to treat tim 
associated singularities. The domain decomposition into several subdomains with nested flux surfers  makes 
possible the computations of the divertor and doublet configurations. 

The use of hybrid finite elements giws a family of difference schemes which &~ not pollute the MHD 
spectrum. However, the numerical destabilization results in a convergence from below to ttm spectrum lower 
boundary and therefore difficulties in marginal stability determination. The elimination of the _~st2.bilizatkm 
makes possible an efficient calculation of the stability index using the reduced ideal MHD svabi|ily problem 
(SW-code) with different spectrum structure. 

The KINX code presented in the paper has proven to be a useful tool of stability analysis for different types 
of tokamak plasma configurations. Examples of the code applications are given in Section 4. 

2. Formulation of the problem 

2.1. Potential energy representation 

Linearized ideal MHD eigenvalue equations for a plasma displacement ~e i~'t from an equilibrium can be 
written in the weak. form [7] 

w ( ~ , ~ )  - w2K(~,~) = O, ( t )  

where ~ is an arbitrary trial vector. The quadratic functionals W(~,~) and to2K(~:,~ :) correspond to potential 
and kinetic energies of the plasma displacement. A negative eigenvalue to 2 gives an unstable solution growing 
in time. 

The following projections of the vector ~ are used: 

¢j=~cDxB B x V ¢  a B 
[-TB-~- + ~:° - ~ - -  + e ~ - ~ ,  (2) 

where B is the equilibrium magnetic field 

B = V ¢  x V~b + F(~b)V~b = Vd/x  D, (3) 

~¢' = ~:- V~b, and $ is the toroidal angle. The functionals W and K can be rep,?.sented as follows [8]: 

w = w p + w , ,  

[ { -~dP (Or 02 ) _ . ~  
% = ½ t IV x (~  x B)I 2 + 2s~*(j • Vs co) + V -  ~1~: I 

, /  

v~ 

, . .V~  x j  } 
+ i - -~-~T • V x DI~:~'I 2 + FpIV" ~:l 2 dV, 

• q.-B~ + I~: I i--~ } av, (4) 
v,, 
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where j is the current density j = V x B, F is the adiabatic index, p is the plasma pressure, pp is the plasma 
density, l,~, is the plasma volume, and W,, is the vacuum part of  the potential energy. 

The flux coordinate system 0p,0,~b) with Jacobian vr~= (V~p x V0-Vq~) - I  is used where ~/~, = const, mark 
magnetic surfaces, 0 is a poloidal variable and ~b is the toroidal angle. In the flux coordin~le system the first 
term in expression (4) for W can he rewritten as follows: 

g~ QkQt dq~ dO dqb f lV x (~ x B)12 dV = f -~ 

(21 ~¢" + l" a~¢" a 2 r~ ¢" Js ~0 Q3 = a(~ ¢'z') tg~ ° = oa a¢, " = ' ~  + - ~ '  a¢, - aq~-' ( 5 )  

where gkt and ~ are metric coefficients and Jacobian of  the coordinate system, v = -v/-gF/r  2, and (r, z, ~b) 
are cylindrical coordinamg There m~'e no a,-der;,vativcs of  the components _~ and ~:B entering the functional I4/. 
This fact leads to a noncompactness of  the operator corresponding to Eq. ( 1 ) and gives a spectrum containing 
continuous parts and accumulation points [9].  

For an axisymmetric equilibrium Fourier modes ~. e i~¢' with different toroidai wave numbers n are decoupled 
and Eq. ( 1 ) becomes a two-dimensionai eigenvalue problem for each ~=~. 

2.2. Vacuum 

The vacuum part of  the potential energy functional (4) is 

w, = ' f Iv x Ai 2 , (6) 
g 

where .4, is a vector potential of the vacuum magnetic field perturbation 8B,, = V x A. At the ideally conducting 
wail 

n × A = 0 .  ( 7 )  

The boundary condition at the plasma-vacuum interface is given by the to tangential electric field continuity 
across the in':.erface, 

n x A = n  × ( ~ : x  B ) .  ( 8 )  

Then the total pressure continuity is a natural boundary condition for the variational formulation ( 1 ). 
The Euler equation of  the functional (6),  

V x V x A = 0 ,  (9) 

together with the boundary conditions (7),  (8) specifie~ the vacuum problem. 

2.3. 6W-code 

To find only the stability index - the s~gn of the lowest eigenvalue - it is sufficient to use some other 
norm instead of  the kinetic energy to minimize the potential energy (6W-code). It can be chosen as a positive 
functional of  only one displacement component (¢', 
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This choice of the norm changes the spectrum structure, shifting the continuous : ~w.cwam in such a ~ry th~ 
unstable eigenvalue branches can be traced into the stable p~rt of the spectrum [ ~ 0]. It is impor*,ant for s t~i~ty 
limits computations. 

The specific features of the spectrum of the reduced ideal MIID eigenproblem are generated by the singu|~ity 
in the potential energy functional Wt = mine, W after minimization against the tangential c o m p o ~ s  of ~'~ 
displacement: the derivative 0~¢'/0¢, enters the reduced functional uader the operator BV. The keme| of the 
operator BV includes so-called resonant harmonics ~:,,,n ei(m°+n@) with pololdal and toroidal wave numbers m, n 
satisfying m + nq(Os) = 0 at the resonant surfaces ~b = ~Ps in plasma, where q(O) = 1 / 2 1 r f v d O  is the safety 
factor. To study the behavior of the eigenfunctions at a resonant surface one can consider the displacerr~ras 
localized near the surface. Then the Rayleigh quotient of the reduced problem takes the form [ I 1 ] 

( i i ' W__Lt = fl  -I  dy  ii,iViVolZ~ (S)y ~y - (T)~:0 - (~)I~0V } 
- -  / ( i l )  

g~ A -t  dy ((p/IV¢lZ)l~ol 2) ' 

where y = (~p - ¢ ' s ) / e ,  e ---* O, ~0(Y)  is the lowest order in e of the ~:¢' resonant harmonic, 

( j .  B) B × V ¢  
T= I-~.-~-S, S= I.-~.V×(B×V~O/IV~Pl2) k=2 j xVO , 7V~-7-  ( B v ) v o ,  

and the averaging is defined as 

The corresponding characteri~,ic equation for ~0 = Y" implies that 

Ot = --½ ~ ( DM -- Gto2) I/2, 

((S)(T) + (T) 2 - (k~(B,2!~7~12)) 
D .  = ¼ + - -  (S)Z , 

G = (Pv/N#'I2)(IB[UlV~I2) (12) 
(sf 

where DM is the expressions, for the Mercier criterion, and D~ < O corr~ponds to instability. 
From (12) it follows that negative values of (D~ - Ga~ 2) correspond to nonintegrable solutions giving rise 

to the continuous spectram. The lower boundary of the continuum is off = m~ = DM/G. So if the configua'at~ 
is Mercier stable, DM > 0, then the boundary of the continuum shifts into the off > 0 region. This is in contra~ 
with the full normalization problem where the Alfv6n continuous spectrum boundary ~2 ,,, mine, (m+nq(~,))z  = 
0 if a resonant surface exists in the plasma. 

Near the magnetic axis the asymptotic behavior of eigenfunctions can he described in the frame of a cylindrical 
model. For any harmonic numbers m, n the Euler equation of the reduced problem takes the following form: 

- y ( y ~ ' ) '  + m2(  1 - ,.a2/~o~)~: = 0 ,  ( 1 3 )  

where the derivatives are in y, the minor radius coordinate, .~ = ~¢', and a~  = (Bo /y )Z(m + nq)2/pt, is Lhe 
Alfv6n frequency at the axis. This gives the asymptotic dependence 

a = I m l ( 1  - ~2/a'A=)~/2, #¢, ,,, ya.  (14) 

For a finite plasma density Pt, on axis, the asymptotic behavior of the eigenfunctions of the reduced probtgm 
differs from that of the full problem where g~ ,-, ylml. From (14) also follows that in the reduced problem 
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rahere exists one more continuum sFectrum branch ~o 2 > ¢aa 2. Depending on the v~,lue of  q on axis, the value 
o f  ~oA 2 can be close to zero, again making the marginal stability computations more difficult. To avoid it the 
density function pp(~p) can be chosen so that pp(~b) ~ ~ near axis where ff is the normalized poloidal flux 
vanishing near axis. Then oJa 2 ~ o¢ and the additional continuum disappe, ars while eigenfunctions restore the 
asymptotic behavior ~* ,-. y Iral at the axis. The choice pp ,,~ 1~7¢1 e in the PEST-2 code [ 10] satisfies the above 
requirements. 

2.4. Resistive wali in vacuum 

To include the effect of  the resistive wall into the model it is sufficient to rewrite the functional Wv in the 
tbl|owing form: 

½ / B .  8B, , (n .  ~) a s ,  w,. (15) 

s,, 

where Sp is the plasma-vacuum interface surface, and n is an external normal to Sp. Problem (1) can he 
reduced to an eigenvalue problem (nonlinear in general) for ~: as soon as 8B,, is known in terms of  ~¢' on St,. 

For axisymme~c n = 0 modes the following representations for 8B, in the vacuum can be used [ 12]: 

8B~. = V g × V ~  + atVq~ , (16) 

with the boundary, condition at the plasma surface 5',~. 

X = - C  ° -  

From V x ~B. : 0 in the vacuum region follows the equation for X: 

v -  7 = ° '  Ixl ~ o ,  Irl -~ ~ .  (17) 

Eq. (17) is supplemented with the boundary condition at the resistive wall using the thin-wall approximation, 

ioJ 
En- v,~-~ : ~ - x .  (18) 

where [[-] is the jump across the surface of  the wall, and 7/ is the ratio of  the wall toroidal resistivity to the 
wall thickness. The relation between the value of  n-  V X needed for the evaluation of  (15) and X at the plasma 
boundary can be found using a Green function technique. The value of  a, can be expressed directly in terms 
of  ~ at the plasma boundary, 

-i~o (fo2~ ~Oz, dO) 

at= (i~ofs drdz/r+ fc'Tl~°'dl/r ) , (19) 

where u = -Fv/'~/:, S~ is the toroidal cross section between the plasma and the wall, C,, is the wall contour 
in file plane ~b = const., and r/pol is the ratio of the wall p~Ioidal resistivity and the wall thickness. 

For modes wi',h n ~ 0 the perturbed magnetic field in ~,~,e vacuum is represented by a scalar potential ~, 

cSB. = V ~ ,  ~720 = 0 ,  

with the boundary condition 
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d'-n = ]V-~ ral /dO + i n v ~  

at the plasma vacuum b~undary contour I. At the ideally conducting wall the boundary condition is 

d ~ _ O .  
dn 

The jump of the potential AO across the resistive w~P, is related to the derivative at the wNl tl~ough the 
boundary condition directly following from Faraday's and Ohm's laws for thin wall approximation [ 13], 

where ro = Or/aO, zo = Oz/aO. Using a Green function technique the values of • at the plasma boundary c ~  
he expressed in terms of dO/dn  at the plasma-vacuum bounde~-y. 

3. Numerical method 

3.1. Approximation 

The flux coordinates and hybrid finite dements [ 14] are used to ensure the spectral convergence [9]. The 
main requirement here is to choose for the tangential components ~:o, ~:n basis functions one onset lower in aae 
flux variable ~ than for the normal component ~#. The additional property of the hybrid finite element meamd 
is the use of different basis functions not only for different displacement components but also for differem 
derivatives of the same unknown, thus making the approximation of all terms in the potential energy func*docmt 
constant in a mesh cell. This choice of discretization helps to decouple the different branches of the 
spectrum. 

Each subdomain with nested flux surfaces in doublet or divertor equilibrium configurations can be trea¢~ in 
the same way as a single axis plasma. The calculations of matrix elements are performed separately for each 
subdomain. The connectivity conditions between the subdomains involve only the values of the componem 
~¢' at the separatrix. The connectivity condition at the x-point of the separatrix is repl ied by the reg-al~ty 
co,~dition ~ '  = 0 (the same as at the magnetic axes). The remaining connectivity conditions ate applied in the 
matrix solver. 

The minimization of the vacuum energy functional can he performed using the Green function ~chnique 
(boundary finite dements) [ 1,2]. This method can be applied for a wide range of plasma arid exr~mmt 
conductor topologies. At the same time the resistive wall effects can be included in the fommlation in 
straightforward manner [ 12,13]. Another approach to the vacuum treatment is the use of a special g a ~ e  of 
the perturbed vacuum field vector potential A --- ~:~, × Bl, s - with the "pseudodispl~ment" ~:t, [ 15]. The veclor 
field Bps should not coincide with the equilibrium vacuum magnetic field but ensures the gauge correetnes~ 
The representation of Bt,s in a form sirrfilar to (3) and the use of the same displacement orojeetions (2) lead 
to an approximation similar to the plasma functional. This approach provid~ the same convergence order as 
for plasma approximation and makes the convergence studies easier. Both methods are implemented in differe~ 
versions of the KINX code. 

3.2. Grid adapted to magnetic surfaces 

The nonpolluting spectrum approximation requires a special choice of the basis functions in file flux coor- 
dinates. It requires a mapping of magnetic surfaces which are level lines of the p~!oidal flux function ~. The 
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poloidal O variable can be fixed by prescribing the Jacobian to fulfill the straight magnetic field line condition 
for example [2].  Such a choice is however singular at the x-point of  the separatrix and is not suitable for our 
purpose. Another choice is to define the Jacobian from the grid cell geometry and make the approximation 
of  ~ e  stability functionals (4) invariant against the choice of  0 variable. The approximation of  the metric 
coefficien~ in the KINX code fulfills this requirement. 

The accurate mapping of  magnetic surfaces is a complicated and time consuming task. One of  the effi- 
dent  ways to do it simultaneously with the equilibrium equation solution is to adapt the grid to magnetic 
surfaces [ 16,17]. The code CAXE [ 18] has been developed to compute the MHD equilibrium on a grid 
ad=pted to magnetic surfaces for single axis and doublet configurations. The domain decomposition into four 
subdom,~ns with nested flux surfaces is used for doublet equilibria computations. The interface from the CAXE 
code to ~ e  KINX code includes 
- quasi-polar quadrangular grid adapted to nested magnetic surfaces in each subdomain. The grid is described 

by a single function p i j ,  

r i j  = r , , j  + p i j (  rkj  - r , , j  ) , 

zi j  = zmj ~- p~j( z~j - z , , j  ) , (2O) 

where rmp Z,,j and rk), zkj are the coordinates of  the inner and the outer domain boundaries, 0 < p < 1. 
Magnetic surfaces are given by i = const. The representations implies j = const, to be straight lines. 

- flux grid and flux functions in each domain. The values {s i}  of the function s = ( 0  - ~Pin)/(d/out - ~Pin), 
0 < s < 1, are used to mark the magnetic surfaces. The flux functions p '  = d p / d ¢  and F F '  arc given for 
s = s i .  

3.3.  E l i m i n a t i o n  o f  n u m e r i c a l  d e s t a b i l i z a t i o n  a n d  spec t ra l  sh~ft 

Some further modifications of  the approximation are used to improve the convergence in the KINX code: the 
numerical destabilization correction [ 19] and the spectral shift elimination [ 14]. 

The spectral convergence is ensured by the hybrid finite elements. However, the marginal stability to 2 = 0 
belongs to the MHD spectrum when rational magnetic surfaces are present in plasma. The numerical desta- 
~':izafion means convergence from the unstable side ~2 < 0 to the stability boundary to 2 = 0. Without the 
correction o f  the destabilization the computations of  the stability index - the sign of  the lowest eigenvalue - 
require convergence studies. In [ 19] it was shown that the numerical destabilization was connected with a loss 
o f  spectral convergence for the reduced problem with the norm (10) because of  the vanishing coefficient at the 
highest order derivative in Eq. ( 11 ). The numerical destabilization correction makes possible a direct transfor- 
rnation of  the code into c$W-code ensuring spectral convergence also for the reduced problem. The correction 
term to the hybrid finite dement approximation is derived from the analysis of  localized modes described by 
( 11 ). The correction lower estimate is given by the following additional term to the potential energy functional 
approximation: 

([BI2/iV~pl 2) k a~0 J ' 

where h ~ is the mesh step in ~p. 
It was shown in [ t4] that the exact equality (BV~:) = 0 at rational surfaces for resonant harmonic can be 

fulfilled by a small correction of  the toroidal wave number n value. It was applied to eliminate the spectral 
shift in the ERATO code where hybrid finite elements and straight magnetic field line coordinates were used. 
The idea can be directly extended to any flux coordinate system. 

In the KINX code the use of  hybrid finite elements in the 0-direction leads to the following approximation 
of  the opera~or (BV) :  
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( B Y e )  ": ~J~o - ~j °r inpj+l/2 bCJ+l~ "~ ~j (22) 
hi+ I/2 

where h ° is the mesh step in 0. To ensure its vanishing for resonant harmonic at rational surfaces th~ toroidal 
wave number n should be replaced by 

2 , 0 
nj+l/2 = z,j+l/2hO+l/2 tan~nvj+u2hj+l/2/2)  • 

Taking into account the relation 

0 0 
vj+l/2hj+l/2 = qhj÷ i/2, 

with 0 corresponding to straight field line coordinates, the expression (22) for the harmonic eil°J is 

2 sin[ ( l  + nq)h°+l/2/2~l eilfJj ' (23) 

h~+l/2 0 _ z.~ ,-, • cos ( lh j+u2 /2 )  co~(nq,,j+l .,2/a* 

vanishing for l + nq = O. 

3 .4 . .g igenvalue solver 

The matrix solver is based on the package PAMERA [20]. The matrix of  the problem consisls of  banded 
blocks. Nonover!apping blocks can be efficiently inverted beforehand [21 ]. The resulting matrix structure is 
block 3-diagonal. Then tor each subdomain the block elimination is performed ,separately up to the connectivity 
unknowns. The connectivity assembling consists of  the overlapping of  the resulting full blocks with the proper 
nvmbering. The solver performance is high if full matrix operations are performed with optimized roudnes on 
a vector computer. The inverse iteration converges to the eigenvalue which is the nearest to an initial guess. 
Due to matrix symmetry an additional information on the number of  the eigenvalues less than the initial guess 
is obtained during the matrix inversion. 

A typical stability computation for a single axis plasma with grid dimensions N¢ = No = 128 requires about 
800 Mb of  memory and takes 25 s of  the NEC SX4 single CPU at the speed~ of  900 Mflops. A doublet 
computation with NO, = No = 96 in each of  the two subdomains inside the separatrix and NO, = 48, No = 192 in 
the subdomain outside the separatrix takes 35 s with the same resources and performance. 

3.5. Code benchmarks and comparison with other codes 

The KINX code has successfully passed the benchmarks as defined in [22] for single-axis analytic equilibria 
and the results were compared with ERATO and PEST code results. 

The KINX code is closest to the ERATO code concerning the numerical method (2D finite hybrid elements, 
pseudo-displacement and Green function in vacuum, etc.). There are however some new features: the consistent 
treatment of  the X-point (external and/or internal), the three domain treaunent in doublet cases, the choice 
of  the poloidal coordinate, the possibility to have a resistive vacuum wall and the elimination of  numerical 
destabilization. The elimination of  nu,l~erical destabitization makes possible the implementation of  the 8W code 
in KINX which gives an essential adwmtage to trace the eigenvalue into the stable part of  the spec~-n  when 
computing marginal stability points. 

All results presented further are shown to be numerically converging with the mesh. The convergence 
properties compares rather favorably with ERATO. The convergence comparison for the benchmark equilibrium 
with ~ = 1/3, E = 1, q0 = 0.75 from [ 22] is given in Fig. 1. This is a fixed boundary inte~mal mode with toroidal 
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Hg. L Convergence of the imeraal n = 3 mode eigenvalues oj2/oJ02 for the analytic equilibrium. KINX results with spectral shift elimination 
( s ~ d  ~'~e vdth poh~ts) and without (dotted line) are compaz,:A with ERATO results with constant arc length (+)  and straight field line 
(x) poloidaI c c o r d ~ ,  respectively. 

wave number n = 3 considered in detail in [23]. The eigenvalues are normalized by the Alfv6n frequency at 
the magnetic axis o~ = B]/(R2po) assuming constant plasma density p = P0. Grids with equal numbers of 
radial and poloidal grid points NO, = No = N are used. They are equidistant in the radial coordinate s and in 
the poloidal coordinate. The KINX convergence (points, solid line) on the quasi-polar grid (Section 3.2) is 
sim/lar to that of ERATO with a choice of the polaidal coordinate defining equal arc length (+) .  Convergence 
from the unstable side is characteristic of ERATO with a poloidal coordinate defining straight magnetic field 
lines (x).  However, this courdinate system degenerates if there is a separatrix at the plasma boundary [23]. 
The spectral shift elimination (Section 3.3) cunsiderably improves the KINX convergence in the case of an 
internal mode: compare solid (with) and dotted (without) iines. 

4. E ~ p ~ s  of stability computations 

Optimization of tokamak fusion reactors requires the value of ,8 = 21.¢o(p)/B 2 to he maximized. Here (p) 
is the pressure averaged over the plasma volume and Bc is the vacuum toroidal magnetic field taken at die 
p|asma center. The stability of external kink modes sets the limit to the plas~na pressure. The limiting//-values 
were found to be proportional to the normalized plasma current IN = I [ M A ] / ( a [ m ] B c [ T ] )  [24], giving for 
conventional tokamaks the scaling ,8 = giN, where I is the plasma current and a is the plasma minor radius. The 
computations with the KINX code make possible further investigations of the tokamak MHD stability limits. 

4.1. Kink modes in single null plasma with separatrix at the boundary 

Stability computations of the plasma with a separatrix at the boundary arc possible with the KINX code. An 
exwnpte of n = 1 external pressure driven kink mode calculation is given below. The plasma profiles (Fig. 2) 
co~espond to an ITER H-mode equilibrium [25]. The normalized value of g = *8ilk = 6.4% is above the 
external kink pressure lim/~. 

The separa~x geomelxy was computed with the free boundary code for given ITER poloidal field coil 
currents. More detailed equilibrium computations were performed with a prescribed separatrix as a plasma 
boupd,~j with the fixed boundary, equilibrium code CAXE [ 18]. 
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0.5 eqrt(p,~) 
Fig. 2. Profiles of the safety factor q (top), the parallel cunent density ( j .  B) (middle) and pressure profile p' (bocom) for an 
H-mode equilibrium. The pressure gradient profile locally opfin~zed against ballooning mode stability is shown by a dashed line. 

The eigenfunction structure is presented in Fig. 3. Fig. 4 shows the convergence of the eigenvalues norm~ized 
by the Alfv~n frequen~T at the plasma center oJ 2 with equal numbers of radial and poloidal grid points N¢~ ffi 
No = N. Both the eigenvalues of the problem with kinetic energy normalization and the 8W normalization (I0)  
with pp = ~ are given. The growth rate for the equilibrium with the separa~x at the boundary is lower them 
for the equilibrium with the plasma boundary truncated at the value of normalized po!oidal flux ~ = 0,95. The 
convergence rate is I / N  2 in both cases and the slop~ of the convergence curves are close to each o~g,r. 

The fl limit studies in ITER [25] perfornc~d wi~h the KINX code showed that the limiting values of g ate 
higher in the configuration with the separau'ix at the boundary than in one with the ~ = 0.95 boundary by a 
factor of approximately 1.1. Moreover, no drops in the ~ values corresponding to the r~h3nal values of the 
safety factor q~ at the boundary and no peeling mode instability were found with the ~ x  at the b~a~hty, 

4.2. Kink modes in doubles 

The external kink ~ limit for doublet configurations with pressureless and currentless ~ d e  outside uhe 
scparatrix were found to be very close to the single axis plasma limits [26]. Finite e~uilibrium current 
pressure gradient outside the separatrix give rise to instabilities wi~ different properties. 

One of the examples is the outer peeling mode driven by the finite current density at the pl~rna edge o~oide 
the separatrix [27]. The corresponding doublet equilibria were computed by the CAXE code with ~ :  f i ~  
boundary fitted into the TCV vacuum chamber. The plasma profiles, with pressure gradient having a nuixin~am 



61 I 

L. Degt~arev et aL / Coml~uter Physics Communications i03 (1997) 10-27 

Normal  d isp lacement  level ~i:~,e~ Ar row plot 
, , , , , 

4 4 

2 2 

0 0 

-2 -2  

-4  -4 

~..'., ,, ,, , , , ; , \ - . '  - : 

' ~ ,  '. ".: ' , , ' , , , ' , ,  : i :" : - - - ~ p  
~,.. , . . ~ .  , , , , , , ,  ,, \ • i - e ._--- , , , -  

, ' , . , t ,  , , i , . , , ' / , ! , : : . : - : : . - . :>::- - -Z/ . , / , ; ,  
• ,,.,t,;,,i;,/,~,;,,.:-.-.~--~:--<~ / . /  • , . . , ,  ,,,,, , , ~ ~ - . ~ . ; - " . . ~  

, ~  , ...... : : : : : : : : ~ ~  
" l l ' l ' l # # I I I l l l  . . . . . . . .  : : ; I , ~  

. . . . . . .  -'"'::ii'::;i::~-:-~ .d-,~ ,,' ,,, ,,.,.,; 
wq t  J ~ ~ ~ , ' ,  , ~ . ; ; . ; ~ ,~ ,  
. ,~ . , , .  , , , , , . , ! , , ' . .~V'-. . - ' - . .~.4 

, ,  ~' ,',,',~,,'~,~,',i,',,,.z~. ~ - - . .  -~.~.r 
i • i t I f  I t ~ • "~ t , . .',,;,,j>~;,~ ' t  ,, '... ,',,,,7.,'-~ -_, ~ . /  

~ .  , .  , , , ,  ~,~,~i 
, , . '  , • , , , , j ~  
d . ,  . : ~ , ~  e//l  

I I I 

6 8 10 6 8 10 

~g. 3. Ex~-m,~l kink mode sm~mre for the ITER H-mode equilibrium with the separatrix at the boundary. Normal displacement level lines 
(left) and d~acement arrow plot (right). 

at the separatrix and finite separatrix cuirent density, were prescribed by 

I* = 1 - ( 1 - ls)~ in, p '  = po~ in, inside separatrix (24) 

1" = Is( 1 - ~out), p '  = po( 1 - ~out), outside separatrix 

where 1" is the surface averaged toroidal current density, 0 < ~in.out < I are the normalized poloidal fluxes 
inside and outside the separatrix, respectively, Is is the value of  the current density at the separatrix, and P0 is 

maximal value of  the pressure gradient at the separatrix. The value of  the safety factor at the magnetic axis 
is qo = 1.05. 

F_,quilibria with finite current density at the boundary can he generated by removing the outer magnetic 
surfaces from the plasma boundary. The peeling mode structure for the value of  the normalized left flux 
outskle the separatfix ~'s = 0.374 is given in Fig. 5 for a force-free equilibrium with Is = 0.1. The conducting 
wall is ~sumed to be far from the plasma boundary. The corresponding eigenvalue -oJz/a)~ convergence is 
shown in Fig. 6 for numbers of  grid points inside the separatrix N~, = No = N and outside the separatrix 
~v ,  = ~ v / 4 .  ~vo --- 2N. 

The coupling between the regions inside and outside the separatrix is characteristic for the n -- 1 pressure 
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Fig. 4. Convergence of the external kink mode eigenvalues -eJe/oJ 2 for the ITER H-mode equilibrium. Kinetic energy (a), (b) and ~W 
(c), (d) normalizations. Two curves at each plot correspond to the equilibrium with ~ = 0.95 boundary (a). (c) and the e q ~ i u m  w~ 
the separatrix at the boundary (b), (d). 

driven external kink mode at finite value o fg  = 2.4% (Figs. 7 and 8). Having finite current density and ~ess¢~  
gradient in the plasma outside separatrix reduces the limiting value of g from g = 1.8% (when the o ~ s ~ e  
plasma is replaced by vacuum) to g = 1.6% despite the finite current density at the plasma boundary in the first 
case. The difference is bigger if the pressure profile outside the separatrix is steeper, Note th~ the v~|ues of 
g for the doublet plasma should be doubled to be compared with the corresponding single axis plasma v~ues, 
because the plasma current in the doublet is about twice that in each of the domains inside the ~ x .  

4.3. Resistive wall axisymmetric modes in doublet and divertor configurations 

The axisymmetric mode growth rate in doublet configurations is close to that of the single axis plasma ins~e 
the separatrix and therefore much lower than that of a single axis plasma with the same overall elongation [26t. 

Fig. 9 presents the mode structure of the two unstable modes for the force-free equilibrium (24) with 
Is = 0. The resistive wall is taken to coincide with the TCV vacuum ctmmher having the cross section a~-t',%,ed 
resistance 4.4 x 10 -5 [Ohm]. The growth rate convergence curves are given hi Fig. 10. 

The most unstable mode has up-down symme~c and the second mode has an antisymmetfic ~ di~. 
placement component. Stabilizing perturbed surface current at the plasma boundary is present only for up-down 
nonsymmetric single axis plasma and vanishes in the up-down symmetric case [28]. In doublets the s ~ : ~ e  
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Fig. 9. A.xisym_mewic n = 0 resistive wall mode structure for the doublet equilibrium. Normal displacement level lines (left) and displacement 
~xrow plo~ (right). The TCV vacuum chamber is shown. (a) Most unstable mode. (b) Second unstable mode. 

current perturbation has a stabilizing influence on the most unstable mode due to its symmetric structure. The 
growth rate of the most unstable mode increases from 240 [s - I  ] up to 630 Is - I  ] when the outside plasma is 
replaced by vacuum while the growth rate of the second mode remains unchanged. 

Divertor equilibrium configurations can also he treated by the KINX code. One of the important questions is 
a choice of  the boundary conditions at the open equilibrium field lines. The vanishing displacement condition 
e~sures the variational principle existence [27,28]. 

In Fig. l 1 the n = 0 mode structure for the divertor equilibrium with the boundary and profiles corresponding 
to the above doublet equilibrium is presented. The convergence of the corresponding growth rate is shown in 
Fig. 12. 
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